In this Article we address the definition and values of topological numbers of the manifolds of wavefunctions -bands obtained by quantum superposition of the wavefunctions that belong to topologically distinct manifolds. The problem, although simple in essence, can be formulated as a paradox: it may seem that quantum superposition implies non-integer topological numbers.
I. INTRODUCTION
Recently the notion of the topology of the wavefunctions was introduced into quantum mechanics (see e.g. Refs.
1,2 ). One example of this can be described as follows: let the Hamiltonian of the system be defined as a matrix continuously dependent on the compact space of parameters. The eigenbasis of the Hamiltonian is also parameter-dependent and each parameterdependent vector is usually called a band. Treating each band as a 1-dimensional linear bundle one can attribute an integer Chern number to each band in a standard way 3 . One the other hand, the linearity is one of the basic postulates of quantum mechanics. Therefore, a linear superposition of two states is also an admissible state of the system. Therefore, one may formulate the general question about what the topological properties of the superposition of topological bands |ψ = a|0 + b|1 (1) actually are. Naively, the Chern number should then also be a weighted sum of Chern numbers, which of course does not generally reduce to an integer. However, if the superposition band for which we compute the topological number is admissible (can be made continuous at any point in parameter space by applying a unitary transformation), then according to the general topology the Chern number should be an integer. So, this presents an apparent paradox. It has also been understood that these concepts of topology play an important role in condensed matter systems 1, 4 . The topological properties of the eigenstates of the Hamiltonian may manifest themselves in the observables. The pronounced example of such a topological quantum system is the Chern insulator 5 where there is an integer Chern number associated with each eigen-band of the Hamiltonian as discussed above. The Chern number is an integral of the Berry cuvature over a compact subspace in parameter space and has to reduce to an integer. The Berry curvature of the band with number k is commonly defined as 3 B
(k) αβ = −2Im ∂ qα k|∂ q β k with q α,β being the parameters of the system. For example, in a crystal the coordinates in the compact Brillouin zone can play the role of parameters. The topological properties lead to the observable consequences in the dynamics of the system. In order to describe it one may utilize the description in terms of the semiclassical equations of motion. As known 6 , the nonzero value of the Berry curvature brings about a nonzero mean velocity transverse to external force
The physical meaning of this is the quantization of the transverse conductivity 2 that happens for topological reasons. This may serve an explanation for the transverse conductance quantization in the QHE setup 7 . The above considerations depend on the fact that the system is prepared in the eigenstate of the Hamiltonian in the beginning of the evolution. The validity of the conclusion is not evident if the initial condition is different.
Therefore, the aim of this paper is to investigate the general paradox in different cases. The first one is to consider a Chern insulator prepared initially in the superposition state and investigate the topological properties of the current responses. In this way we find that the resulting response is reduced to the weighted sum of Chern numbers, so is not topological in general case. This can be formally reduced to the fact that if the bands in the superposition have different energies, the usual energy evolution factors ∼ e −iEt are different for their contributions to the superposition. This results in the final wavefunction being different from the initial one at the end of the slow periodic evolution of the Hamiltonian. Therefore the usual conditions for the periodic adiabatic evolution are not fulfilled. In order to consider a periodic time evolution of the wavefunction we consider a different case. In this case we investigate the static properties of the superposition. We find that in accordance with general topology the Chern number of the superposition is an integer and changes abruptly upon changes of the parameters of the Hamiltonian. This abrupt change is traditionally called a topological phase transition, so it naturally brings a notion of the phase diagram into account. We investigate different possible types of phase diagrams and find that there may generically be quadruple points connecting 4 different regions. The phases may be different in all 4 regions or two of them may coincide in non-neighbouring regions. This is different from the case of phase diagrams for usual phase transitions where generically triple points are present 8 . We illustrate these features with a specific example of the bilayer Haldane model.
The paper is organized as follows. In Sec. II we obtain the value of the current of the system prepared initially in the superposition state. The discussion of the general properties of the mixing matrix element between two topological bands is given in Sec. III. In Sec. IV we discuss the properties of the topological phase transition for a static superposition of two bands. In Sec. V we discuss the case of more bands introducing and discussing the generalities of the phase diagrams. In Sec. VI we illustrate the general features considering the phase diagrams for topological phase transition in the bilayer Haldane model. We conclude the paper with the discussion of our results (Sec. VII). The non-generic feature of extended singularities in the bilayer Haldane model is discussed in Appendix V III.
II. ADIABATIC EVOLUTION OF THE SUPERPOSITION
In order to investigate the paradox about the Chern number of the superposition first we consider the quantum evolution of the superposition state of a general quantum system and compute the current response. The Hamiltonian of the systemĤ(t) is assumed to be a matrix slowly and periodically changing in the vicinity of some fixed point in parameter space. The current (velocity) operator is generically defined aŝ
where we use a short-hand notation ∂/∂q α = ∂/∂α and q α is a quasi-momentum parameter of the system. In the case of the milti-terminal superconducting junction it would be the global phase of one of the leads 9 . In the case when the initial state is the eigenstate of the Hamiltonian, the mean current reduces to the Berry curvature of the initial state. As discussed above, it can be seen on the level of semiclassical equations of motion 6 . The nonzero Berry curvature brings an addition to the equation of motion for coordinates x:
where B is the vector dual to the Berry curvature tensor. This correction is an observable manifestation of the topology of the system. The presence of the external force leads to the effective sweeping over a subspace in parameter space of a set of {q}.
For simplicity we assume F ext to be constant. Then it determines a constant velocity of the sweeping in q−space
If the velocity of the sweeping is much smaller than the energy differences between the bands, no transitions between the bands happen. Upon this sweeping the first term in (4) averages to zero value and the second reduces to the effective integral of the Berry curvature which is an integer Chern number C, so
We will generalize this statement by choosing the more general initial condition of a system prepared in a superposition state
where we take a superposition of only two bands for simplicity. We assume these bands to have different first Chern numbers: C = 0 for |0 and C = 1 for |1 . We denote the set of parameters of the system by {q α }. For the adiabaticity condition to hold we assume the velocity of the change of these parameters to be much slower then the corresponding scale given by the energy difference in the system. The change of the parameters changes the Hamiltonian and brings a nontrivial quantum evolution of the state. We expand the wavefunction in the instantaneous eigenbasis ofĤ(t) as |ψ(t) = nmax k=0 c k (t)|k(t) , n max being the total number of bands. The solution for the coefficients to the first order of adiabatic perturbation theory in the parametersφ j reads
and for l = 1; 0
where
incorporates both the dynamical and geometrical phases and l(t) parametrizes the path in parameter space.
is the standard real Berry connection A (k) α = i k|∂ α k . Knowing this solution one can compute the averaged current ψ(t)|x α |ψ(t) . After averaging this expression over long times t|E 0 − E 1 | 1 we obtain
We stress that the prefactors to the energy-derivatives in the first two terms in (13) are time-independent. So, the sum of these two contributions generalizes the usual expression for a dc-current. The other two contributions are adiabatic corrections to the dc-current. This current response does not show topological properties since it is an arbitrary linear combination of Berry curvatures of two different bands. The breakdown of the topological property can be traced to the breaking of the periodicity condition of the evolution of the wavefunction. Indeed, from Eqs. (9), (10), (11) we see that due to fast oscillating factors e iΘ0,1 the final state after the periodic evolution of the Hamiltonian does not coincide with the initial one. In other words, the evolution is not generically periodic.
III. PROPERTIES OF THE TOPOLOGICAL MIXING
In this section we consider a second case to investigate a 2-band superposition. We aim consider a periodic evolution of the superposition state. For this we will investigate a static superposition of two different topological bands that has a well-defined energy. For this we construct a Hamiltonian that is generally non-diagonal in the space of topological bands. With this, the eigen-bands of the Hamiltonian will be superpositions but will have welldefined energies, so the time evolution of those is truly periodic. For this we start by constructing a Hamiltonian non-diagonal in the space of those two bands that have different Chern numbers. We will be interested in the properties of this Hamiltonian and its eigenstates. So, for simplicity let us consider a 2-band Hamiltonian defined on a compact 2-dimensional space of parameters (q 1 , q 2 ):
as discussed, it is written in the basis of two bands with different first Chern numbers C 0 = 0 for |ψ 0 and C 1 = 1 for |ψ 1 , so
where the band mixing operatort(q 1 , q 2 ) has to be a smooth function for this Hamiltonian to describe a physical system in the whole space of parameters (q 1 , q 2 ). We will show now a general and important property that if the Chern numbers of the bands are different, then there must exist a point where the mixing vanishes
For simplicity let us consider the case when the parameter space is a torus (q 1 , q 2 ) ∈ [0; 2π], generalization to other surfaces is straightforward. According to the general theory of characteristic classes, the wavefunction with a nontrivial Chern number has to have a singularity at some point in parameter space (q 1 , q 2 ). By applying the unitary transformation one can move this singularity to the boundary of the 2-disc from which the torus is then obtained by gluing the sides. The wavefunction is smooth inside the disc then but not periodic and the boundary conditions are given by
the winding of the phase Θ(q 1 , q 2 ) along the boundary yields precisely the first Chern number. Then, according to (15) the mixing matrix element t(q 1 , q 2 ) also acquires the same phase along the boundary. Due to the discrete nature of this winding it does not change upon smooth variations of the parameters, so one can smoothly deform the contour. One will not be able to shrink this contour to the point if t(q 1 , q 2 ) = 0 everywhere since due to the conservation of the winding one would obtain a vortex-like singular behaviour of t(q 1 , q 2 ) at some point. So, due to the requirement of the continuity of t(q 1 , q 2 ) everywhere we conclude that in order to avoid discontinuities one has to require an existence of a point where t(q * 1 , q * 2 ) = 0.
IV. PROPERTIES OF THE TOPOLOGICAL TRANSITION
In this Section we consider the following setup: the values of the mixing matrix elements in (14) t will be assumed small compared to 0,1 . We will move the energies of the bands such that at first 0 (q 1 , q 2 ) < 1 (q 1 , q 2 ) for all (q 1 , q 2 ). After moving it will be reversed ( 0 (q 1 , q 2 ) > 1 (q 1 , q 2 ) for all (q 1 , q 2 )). We will investigate how the Chern numbers of the eigenvectors of (14) change upon this operation. When the energies of the bands do not cross at any point the small mixing can be neglected and the Chern numbers of the eigenvectors are either 0 or 1. In the intermediate situation where there exist lines where 0 = 1 the surface is separated into parts. Away from these lines the wavefunction is expected to coincide with the unperturbed one since the mixing can be neglected. Then the Chern number of the eigenvector naively reduces to the sum of integrals of Berry curvatures of different unperturbed bands over each region. This sum does not have to reduce to an integer, however the general topology dictates the integer Chern number for the superposition. In fact, an abrupt transition of the Chern number from 0 to 1 (or vice versa) has to happen. This paradox is resolved by considering the region around the boundary lines where 0 = 1 . There the bands are strongly mixed and thus the narrow region brings a finite contribution to the Chern number. First, we find a point where the topological transition happens. As we saw, there has to exist a point where t(q * 1 , q * 2 ) = 0. Upon moving the unperturbed energies of the bands 0,1 in (14) with respect to each other one can achieve a situation when the diagonal matrix elements coincide 0 (q 1 , q 2 ) = 1 (q 1 , q 2 ). The topological phase transition happens precisely when this line crosses (q * 1 , q * 2 ). There the total Hamiltonian vanishes, so the bands touch at this point and the transfer of the topological charge becomes possible. To investigate this in more detail, as discussed, we assume weak mixing
for any (q 1 , q 2 ). For convenience we also assume the generic parameter dependence of the unperturbed energies |
We investigate the topological charges of the eigenstates of the Hamiltonian (14) that we denote as |ψ ± upon moving the bands 0,1 . Let us assume that the condition for the crossing of the unperturbed levels 0 = 1 is fulfilled along a smooth closed line in the (q 1 , q 2 ) space. Then, under the assumptions described above away from this line the wavefunctions should approach the non-mixed functions |ψ ± → |ψ 0,1 . In the narrow strip around that line the wavefunctions are strongly mixed. Due to this the contribution from this region to the Chern number can be finite despite the fact that the region of integration is small. So, we divide the (q 1 , q 2 )-space into three domains D 1,2 and R (see Fig.1 ) and denote
As discussed above, if we neglect the contribution from the area R (or, alternatively, set t(q 1 , q 2 ) = 0 everywhere) the Chern numbers of the band with higherC + and lower C − energy do not reduce to integers
(20)
The the true topological charges C ± of the eigenstates |ψ ± are C + = I 
For two superpositions discussed above |ψ ± = a|ψ 0 + b|ψ 1 the coefficients a, b are obtained by diagonalizing (14). For a general superposition we find
We see that alongside with the weighted sum of connections there are additional contributions to (24) that restore the topological properties of the band. Away from the line where the unperturbed levels cross one of the two coefficients a, b vanishes and we get the asymptotics
We denote the line integrals of the Berry connections over two oriented boundaries of the areas D i denoted as L i = −∂D i (see Fig.1 ) as
Due to the absence of singularities of all the functions away from the boundary of the torus one may use the Stokes theorem to reduce the surface integrals of the Berry curvature I j i and I
5
± to the line integrals of the Berry connection over the boundaries of the areas D i . With this we find the relations
Then we obtain
where w is the winding of the phase of the mixing matrix element along the line 0 (q 1 , q 2 ) = 1 (q 1 , q 2 ) oriented clockwise around the point where t(q * 1 , q * 2 ) = 0. This winding changes from 0 to −2π when the line crosses the point where (q * 1 , q * 2 ), so we see that the topological phase transition indeed happens in the expected point. Also, from Eq.(25) we see that the contribution from the narrow stripe around the line where the unperturbed levels cross is indeed finite and restores the quantization of the Chern numbers of the superpositions of the states.
V. MORE BANDS: PHASE DIAGRAMS GENERAL PROPERTIES
In this section we consider a more general case not restricting ourselves to 2 bands. In the more band case one may in principle have the singularities of a different kind, e.g. 3-bands crossing at the same point in parameter space. However, that is not topologically protected by the first or second Chern number. Moreover, 8 (15) independent parameters are needed to tune the system to the three-(four-)band crossing singularity if no additional symmetries are present. We restrict our consideration to a smaller number of parameters. In this case we conclude that all the topological properties can be described considering pairwise crossings of the bands only.
First, let us vary only one parameter in the system. Then in the case of point-like singularities the phase diagram looks like a line separated into segments. At each endpoint of the segment the band crossing happens in the multi-dimensional parameter space.
Next, we consider the variation of 2 parameters. In the plane of those 2 parameters the transitions are generically presented as lines. If the system is degenerate, the transitions might take place along stripes on the phase diagram (see V III). We will concentrate on the generic case when this does not happen. For each point on those lines there exists a point in multi-dimensional parameter space where the pair of levels cross. Crossings of each pair of band are independent and can be viewed as topological charges of different flavours in the case If we change the fourth parameter in addition and still look at the initial 3-dimensional parameter space, the charges would come in motion and the trajectories will be parametrized by the fourth parameter. The 2-dimensional projections of those trajectories can be viewed as the 2-dimensional phase diagrams of the system: upon crossing the line on the phase diagram the topological phase transition happens at some point in many-dimensional parameter space. The trajectories of the charges with different flavours are independent, so the lines in the phase diagram corresponding to different flavours can cross (see Fig.2 ). Moreover, the lines corresponding to the same flavour can cross since in the manydimensional space the true trajectories do not have to cross when the projections do. Due to this the phase diagrams for topological transitions possess the quadruple points(see Fig.2 ) where 3 phases meet. The case when all four phases are different always corresponds to the crossing of the lines that correspond to two different pairs of bands. But two of the four phases have to coincide when the lines correspond to the crossings of the same pair of bands. Those points are unusual to the phase diagrams of the usual phase transitions that generically have triple points. Also, the quadruple points are stable. It can be seen in the case of lines corresponding to the different pairs of bands the following way. Those lines can be obtained as the projections of the trajectories of the topological charges with different flavours, as discussed above. Due to the different flavours they can not annihilate, so the trajectories are independent. This means that the crossing of their projections is stable upon small variations of parameters. In the case when the lines correspond to the same pair of bands the flavours of the charges coincide, so in principle they can annihilate and the crossing can be removed. However, in order to an-nihilate the the charges have to be brought to the same point, which does not happen generically. So, we conclude that generically those crossings are also stable upon small changes of parameters.
VI. EXAMPLE: BILAYER HALDANE MODEL
To illustrate the above abstract considerations we investigate the phase diagrams of the bilayer Haldane model. The Hamiltonian has the form
the 2 × 2 structure is in 2 layers space and the diagonal block is for the isolated single layer Haldane model 10 is
for η = 1, 2 labeling different layers. Here t
is the real amplitude of the next-neighbour hopping and t (η) nnn is the amplitude of the purely imaginary next-nearestneighbour hopping. M (1, 2) is the on-site mass, the sign is opposite for different sublattices. The last term in (31) describes the offset of the energies of the layers with respect to each other (e.g. the constant electric field perpendicular to the layers).We position the layers exactly one on top of the other, sublattices positions also match exactly. We only take into account the tunneling between layers in the nearest neighbours approximation. It corresponds to the momentum-independent tunneling operator diagonal in (a − b)-sublattice space
The Hamiltonian (31) has two non-equivalent highsymmetry points on the boundary of the hexagonal Brillouin zone traditionally called K, K . Those are associated with the 3-fold rotation symmetry in real space. The tunneling operator (32) preserves this symmetry, so the Hamiltonian (30) also has the same high-symmetry points. In the aforementioned high-symmetry points the off-diagonals proportional to t (η) in (31) vanish and the eigenvalues are where we defined
the conditions for the lines in the phase diagram where the levels cross are
We see that by tuning the parameter µ it is relatively easy to tune the system to the level crossing at any values of S and A.
In the case when the phases of T 1,2 coincide the system is highly degenerate and we find extended (not point-like) 
singularities (see V III).
In what follows we concentrate on the simple case when T 1,2 have different phases, so there are only point-like singularities in 3-dimensional parameter space. In this case they are always located in the corners of the Brillouin zone that are K, K (see V III). For this case we investigate the phase diagram in the plane of two parameters: we choose the first parameter to be µ as in (30) and the second one denoted as W is defined as
where b (η) ∼ 1 are constant. Sometimes we will also choose M (η) = c (η) W with c (η) ∼ 1, otherwise M (η) is fixed. All the energy parameters are measured in the units of t (2) = −10. Notations for the phases are the same as in Fig. 3 and Fig.4 . The appearance of the non-compact regions of phases δ and δ happens upon tuning the parameter b (2) . It can be seen as the boundary between phases ρ and π on the top figure moving down and the boundary between phases β and π moving up. This also results in the appearance of the non-paired crossings between different lines. This shows that the 4-fold points may be produced not in pairs, but then they have to come from infinity.
points K, K . The examples of the phase diagrams are presented in Figs. 3, 4 , 5. In the Fig. 3 we see that the lines corresponding to the same pair of bands can be tuned to crossing. These lines correspond to crossings at different points in k−space: K and K . In this case the crossings are produced in pairs. Also, the crossings of the lines that correspond to different pairs of bands are seen in the diagrams. In the Fig. 5 the movement of the boundaries between the phases upon changes of the parameters is shown. As a result, the unpaired crossings between the lines are produced. These unpaired crossings can only come from the infinity which is allowed since the parameters in the diagram are not restricted in absolute value. Also, the appearance of the noncompact regions of the new phases is shown as a result of this tuning. In the 4 the disappearance of the compact region of two different phases is shown. In this case the pairwise annihilation of two crossing points also leads to the disappearance of the whole region.
VII. SUMMARY AND CONCLUSIONS
In this Article, we address the topological properties of superpositions of the quantum bands. This involves definition and values of the topological numbers of the superposition of bands.
The naive expectation for the Chern number of the superpositions of the states to also be a weighted sum of Chern numbers should fail due to the general theory of characteristic classes. Therefore, this is a problem of general interest and we investigate the topological properties of the superposition in different cases.
First, we compute the current response of the system initially prepared in the superposition state. In this case we find that the observable current reduces to the weighted sum and is non-topological therefore. This can be traced to the fact that the dynamic evolution of the state is generally not periodic in time. Second, we have considered the topological properties of the static superposition of two states. In this case we investigate in detail how the integer values of the Chern numbers of the superposition states are restored in accordance with the general theory of characteristic classes. We show a general and important property of the matrix element between two topologically distinct phases that it must vanish at some point in parameter space. This allows the topological transitions to happen.
Third, we analyze the properties of many-band Hamiltonians. If the number of parameters is not large then it is not possible generically to tune the system to the point where more than two bands cross at the same point in parameter space. Therefore we conclude that in this case the topological properties of separate bands in terms of the first Chern numbers are sufficient to describe the system completely. More precisely, all the relevant information about the topological properties can be presented in the phase diagram. Those show the quadruple points -features not usually present in the phase diagrams for thermodynamic phase transitions 8 . These points come in two types: the ones that connect 3 or 4 different phases. The latter can be continuously annihilated pairwise or destroyed by sending to infinity by tuning an additional parameter. The points of the first type can in addition be annihilated by tuning two topological charges in 3-dimensional space to the same point. This requires one additional parameter to tune. Therefore, all the crossings are stable with respect to small deviations of the parameters.
Finally, we consider in detail the phase diagrams for the bilayer Haldane model at some specific choices of pa- rameters. We see the realization of the general features discussed above. In addition, the disappearance of the whole compact region of the topological phase can be achieved by tuning the parameters.
VIII. APPENDIX A: EXTENDED SINGULARITIES IN THE BILAYER HALDANE MODEL
In order to investigate the possibility of the singularities away from high-symmetry points K, K in k−space for a Hamiltonian (30) it is convenient to rewrite the diagonal blocks (31) as spin Hamiltonians which is always possible for a 2 × 2 matrix, so
where the "magnetic fields" have components B
(1) = |B (1) |(sin θ cos φ, sin θ sin φ, cos θ) and B (2) = |B (2) |(sin θ cos φ , sin θ sin φ , cos θ ). The lengths of B (1, 2) and the angles are the functions of initial parameters in (31). The peculiarity of our model is that φ = φ always, which directly follows fromwhere we have used that φ = φ . We see from (39) that if the phases of T a,b are different, the matrix elements never vanish, so we always expect anti-crossing away from highsymmetry points. If the phases are the same it opens a possibility to set some matrix elements to zero, so the singularities away from high-symmetry points become possible. In fact, if the phases coincide one can gauge it out by another unitary transformation of (30) and bring it to a symmetric form. Due to this additional symmetry there is a possibility to have extended singularities in 3-dimensional parameter space (instead of point-like). We indeed see this cone-generation numerically (see Fig.6 ).
